The unique meta-GGA (generalized gradient approximation) exchange functional of Becke and Roussel (BR89) and the correlation functional of Becke related to it (B94) are represented for the first time in an analytical form. All functional derivatives are then obtained analytically, which allows an efficient self-consistent implementation. A brief assessment of this 'BR89B94' meta-GGA scheme is made considering molecular atomization energies and equilibrium geometries, with the latter being reported for the first time. The hybrid version of it yields one of the most accurate atomization energies to date, but its bond distances are less satisfactory. Some interesting features of the BR exchange hole are discussed.
Introduction
The Becke-Roussel (BR89) exchange functional [1] has attracted attention recently in Kohn-Sham density functional theory (KS-DFT) in relation to the real-space post-Hartree-Fock-DFT approach to the non-dynamical correlation [2, 3] , and the DFT model of van der Waals interactions [4] . Its accurate performance has been established to some extent earlier [1, 5] . The model is based on the following ansatz for the spherically averaged exchange hole (negatively defined here) h X ða; b; sÞ ¼ À a 16pbs ðajb À sj þ 1Þe
where a, b are positive, position-dependent parameters and s is the inter-electronic distance. This ansatz originates from the form of the exchange hole of hydrogen atom. It provides the required normalization of the hole for any positive values of a and b:
It is plausible to assume that in atomic and molecular systems the exchange hole would resemble that of the hydrogen atom, which implies some degree of universality of this hole. A similar idea was explored also in the work of Gill and Pople [6] . This is in contrast to the alternative universality hypothesis that is behind the local spin density approximation (LSD) starting from a very different limit, the uniform electron gas. The two parameters a and b are used so as to obey the known value and curvature of the spherically averaged exact exchange hole at small s [1] h X r ðr; 0Þ ¼ Àq r ðrÞ; 
where q r is the electron density of spin r, r is the co-ordinate vector of the reference electron. These properties are provided when the parameters a and b obey the following system of equations: The above conditions lead to a specific nonlinear equation for x in a spin-resolved form with x = ab (x P 0) [1] x r e À2xr=3 ðx r À 2Þ ¼ y r ðxÞ 2 3
Solving this equation at each reference point gives the function x r which in turn determines uniquely the exchange hole, the exchange energy (E X ) and the corresponding Slater potential
q r ðrÞU X r ðrÞ dr; ð8Þ
s ds h X r ðr; sÞ
Eq. (7) is a complicated nonlinear equation and can only be solved numerically at each reference point, as suggested by Becke and Roussel [1] . Similar problem arises in the postHartree-Fock real-space correlation (RSC) model of Becke [2, 3] , where the shape of the BR exchange hole is used as an auxiliary function in a different context. For the latter, Arbuznikov and Kaupp [7] have proposed recently an analytical interpolation that avoids solving a nonlinear equation. However, the original BR exchange functional was not considered in their work. With this in mind, we present here a detailed analysis of the function x(y) used in the original functional [1] . We will derive an analytical interpolation of x(y) of high accuracy that will be used to achieve a convenient self-consistent implementation of the BR exchange functional. Some interesting features of the BR exchange hole will be noted in passing.
Analytical interpolation of the BR functional
The original BR exchange model is based on solving the nonlinear Eq. (7) numerically for the unknown function x(y). The inverse function y(x), depicted in Fig. 1 , is known, defined by Eq. (7) via the electron density and the exchange hole curvature. It consists of two pieces delineated by a discontinuity point at x = 2. The lower piece of y(x) is located in the negative range of y for 0 6 x < 2 and has the following asymptotic form:
The upper piece of y(x) is positive for 2 < x 6 1, and tends to +1 by the same Eq. (11) when x approaches the singular point x = 2 from above. When x goes to plus infinity, the upper piece of y(x) tends to zero as
Eq. (7) can be solved numerically with respect to x on a grid of points along the y-axis, and the shape of x(y) can be envisaged numerically as in Fig. 2 . Meaningful are only positive values of x(y). Similar to y(x), the function x(y) consists of two pieces in the positive domain, delineated by a point of discontinuity at y = 0. Both pieces tend to the same limit of x = 2 when y tends to either minus infinity (the lower piece) or to plus infinity (the upper piece). This situation is rather different from the interpolation problem considered in Ref. [7] . Their function is continuous with no singularities. In our case, the function x(y) resembles the inverse hyperbolic function arccsch(y) to some extent. A more detailed analysis revealed that only the upper piece of x(y) located in 0 6 y 6 +1 can be accurately interpolated by a properly shifted arccsch(x) function, as described further on. In previous studies of the BR model [1, 5, 7] , it was presumed that the variable y can be both positive or negative, for there is always a positive solution for x(y) in the whole . This function is discontinuous at x = 2. range of À1 6 y 6 +1 [1] . The curvature of the BR exchange hole is given by ÀQ (from Eq. (3)). It is positive when the (negatively defined) hole is well localized around the reference point. In such cases the hole has a single minimum at the reference point where y is negative (Q is negative) and x(y) is confined in the range 0 6 x 6 2 (i.e. in the lower piece). When the curvature is negative (positive Q), the exchange hole has a local maximum at the reference point and a sphere (shell) of local minima around it at a certain distance (in 3D view). These features of the BR exchange hole are clearly discerned from Fig. 2 of Ref.
[1] on the example of the neon atom: the transition from a positive curvature to a negative curvature of the exchange hole at the reference point occurs when the reference electron is brought far enough from the nucleus [1] . Having the function x(y) in its lower piece where the hole curvature is positive is a rather different situation from having x(y) in its upper piece where the hole curvature is negative. This difference is especially pronounced at small and vanishing values of jyj, close to the point of discontinuity y = 0. We have verified that x(y) remains finite in its upper piece for any arbitrary small but non-zero value of y. Such a behavior resembles the function arccsch(x). In the vicinity of y % À0 the lower piece of x(y) decreases much faster when y vanishes than x(y) grows for y % +0 in its upper piece.
There is a second branch of x(y) located in the positive range of y, but in the physically forbidden negative domain of x(y) as shown on Fig. 2 . The point y = 0 is therefore also a branching point for the solutions of the nonlinear Eq. (7). At this branching point the topology of the exchange hole changes drastically. The two positive pieces of x(y) require therefore separate interpolation procedures. Recall that the lower piece is in the range 0 6 x 6 2, for À1 6 y 6 0. By inverting the asymptotic expansion of y(x) at small x, Eq. (10), we obtain the following exact asymptotic limit of x(y) that is accurate for À0.1 6 y 6 0:
In the opposite limit when y tends to À1, we obtain the following exact asymptotic form that yields accurate estimations in the range À1 6 y 6 À2:
To facilitate the analytical differentiation of the BR functional, it is desirable to approximate each piece of x(y) with one single function. Following some reverse analogy with the problem considered in Ref. [7] , we have found that the following trigonometric ansatz is quite suitable for the lower piece of x(y):
where the coefficients a i are fitting constants. Those were optimized by solving numerically several systems of equations with respect to a i generated by Eq. (15) at various wisely selected points of y. We achieved a further improvement in accuracy by employing in addition a modulating factor f(y):
The factor f(y) is optimized in a secondary optimization loop using the Thiele interpolation formula of continued fractions [8] . The corrections from this factor are important mainly in the region of small jyj. The final form of our analytical representation of x(y) in its lower piece reads xðyÞ ¼ gðyÞ P 1 ðyÞ P 2 ðyÞ ; À1 6 y 6 0;
where P i (y) are fifth order polynomials
The optimal values of the coefficients a i , b i and c i in Eqs. (17) and (18) obtained in this work are given in Appendix. This form of x(y) has asymptotic expansions that match closely the values of the exact asymptotic relations in Eqs. (13) and (14) lim
Results with this form of x(y) and the exact solution are presented in Table 1 , with y values sampled in a wide range.
One can see that the analytical fit provides a high accuracy with mean-absolute-deviation (MAD) = 7.73 Â 10 À7 , and mean-absolute-percentage-deviation (MAPD) = 0.0005%.
The upper piece of x(y) is located in the positive domain 0 < y 6 +1, where x(y) is bound from below by a limit of x P 2 (Fig. 2) . By inverting the asymptotic expansion of y(x) when x tends to 2 from above, Eq. (11), we obtain the following exact asymptotic form of x(y) in its upper piece, accurate within the range 2 6 y 6 +1:
Note that x(y) has a discontinuity at y = 0 here and we were not able to obtain analytically its asymptotic expansion in this limit. We have found that this piece of x(y) can be very well approximated by a shifted arccsch(x) function, as it has similar form and behavior at small y. To achieve an even higher accuracy we have employed again a modulating factor f(y) that is optimized in a secondary optimization loop similarly to the lower piece of x(y), Eq. (16). The final form of our analytical representation of the upper piece of x(y) is xðyÞ ¼gðyÞ e P 1 ðyÞ e P 2 ðyÞ ; 0 < y 6 þ1;
where the modulation factor is again a ratio of two polynomials
The optimal coefficients in Eq. Finding an accurate analytical representation of the function x(y) is beneficial not only for the BR89 exchange functional. Becke has developed also an efficient meta-GGA correlation functional (B94) [9] which utilizes the BR89 exchange functional. The correlation energy density of B94 is a sum of opposite-spin and parallel-spin components, each derived separately 
where D r is the s-dependent term entering the expression of the exact exchange hole curvature, Eq. (4), and z rr 0 are spin-dependent correlation lengths defined from physical arguments [9] z ab ¼ 0:63ðR
U Xr is the exchange energy density of the BR89 exchange functional given as a function of x r by Eq. (9). Thus, the function x(y) governs both the BR89 exchange and the B94 correlation functionals in a complicated manner. Results from this particular meta-GGA exchange-correlation scheme, BR89B94, were reported so far only in Ref. [9] but within a post-LDA implementation using a numerical solution for x(y). Later on Neumann et al. [5] studied the BR89 exchange in combination with the P86 GGA correlation functional [10] in a SCF manner, again with a numerical solution for x(y). The analytical representation of the BR89B94 functional allows exploring its full capabilities, including the efficient calculation of the SCF energy and its gradients with respect to nuclear motions. It also avoids potential instabilities associated with numerical solutions, particularly for small argument values.
Preliminary results and discussion
We have first examined the accuracy of our analytical interpolation on a set of nine atoms and nine molecules at their experimental geometries. All calculations were done with the Q-CHEM program, 3.1 release [11] . The G3 theory basis set G3LARGE [12, 13] and an unpruned grid consisting of 128 radial and 194 angular points were employed. All functionals considered, including the meta-GGA ones, are implemented in a fully SCF manner in the way described in Ref. [14] . Table 2 compares total electronic energies, their separate exchange and correlation components and atomization energies obtained with the BR89B94 functional with either analytical or numerical resolution for the function x(y). A very good agreement between the two algorithms is systematically observed, with MAD for total electronic energies of 6.7 Â 10 À5 a.u. Energy differences like atomization energies differ by only a fraction of a kcal/mol. We compare our results also with the original BR89B94 values reported in Ref. [9] . The agreement on average is good (with CN having the largest error) considering that Becke and Roussel have used a (17) and (18). b Interpolation of the upper piece of x(y), Eqs. (22) and (23 About one third of these molecules are difficult cases at least at GGA level of DFT. Such a test composition allows more distinct comparison between different functionals. Using a very large set of molecules with a small fraction of 'difficult' cases would be less informative [19] . Results from some popular functionals, BLYP [20, 21] , BtLap [20, 14] , B3LYP [22, 23] , BMK [24] , M06 [25, 26] , are also given in Table 3 for comparison. All atomization energies D e are computed at the respective optimized geometries. Since there are some slight differences in the exact values referred to in the literature, we summarize in Table 4 the exact atomization energies and bond lengths used here after a careful analysis and compilation of various experimental and theoretical literature data [16] [17] [18] 27, 28] .
Comparing the absolute mean errors (MAE) for atomization energies D e , the performance of the BR89B94 scheme is of about the same accuracy as BLYP, both having a slightly larger MAE than the meta-GGA functional BtLap reported recently [14] . These three functionals do not involve exact exchange. We used here the original parameterization of BR89B94 [9] that was based on post-LDA calculations at experimental geometries. We expect that a slight re-scaling of the two fitting parameters of this scheme would improve the accuracy further. A one-parameter hybrid scheme based on the BR89B94 functional (BR89B94 hyb ) was also suggested in Ref. [9] , used in a post-LDA manner
To optimize this hybrid scheme, Becke re-scaled slightly the expression of the opposite-spin correlation length, Eq. (26) [9] z ab ¼ 0:66ðR
Results with BR89B94 hyb implemented in a SCF manner are given in Table 3 . Regarding atomization energies, this somewhat forgotten hybrid scheme yields the most accurate estimates on this test set. More extended tests on a large variety of systems are ongoing and will be reported later. Note that BR89B94 hyb has only three fitting parameters, one mixing parameter and two in the B94 correlation. B3LYP has eight parameters, while BMK and M06 are interpolation hybrid schemes with 17 parameters. Regarding the bond distances in Table 3 , the performance of the BR89B94 scheme is not so satisfactory, causing a noticeable elongation of some of the diatomic bond lengths (S 2 , NaF, NaCl, NO, Cl 2 ). Since the parameters of this functional were optimized only on relative energies [9] , some re-parameterization is required to improve the geometry estimates. The hybrid extension of this functional however, gives much better accuracy in this respect. Although its MAE is somewhat larger than the other hybrid functionals presented in Table 3 , the BR89B94 hyb functional is still better than the pure DFT schemes tested here. The above mentioned diatomic bond lengths present a difficulty for BR89B94 hyb as well, the reasons for which are currently under scrutiny.
In conclusion, we derived and implemented for the first time a highly accurate analytical representation of the BR89B94 meta-GGA exchange-correlation scheme. It allows us to explore more fully its capabilities and leads to somewhat more robust implementation. Using the original parameterization of Ref. [9] we find that the accuracy of this functional is reasonable as far as atomization energies concern, but not so good for geometry estimates. However, the one-parameter hybrid extension of it yields the best atomization energies compared to some popular current functionals. The geometry estimates with BR89B94 hyb are an improvement over the nonhybrid version of it, with the exception of a few diatomic molecules.
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